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Abstract

We analyze the models L[T,], where T, is a tree on wx k3, ; projecting to a universal
113, set of reals, for n > 1. Following Hjorth’s work on L[T%], we show that under Det(II3,)),
the models L[T5,| are unique, that is they do not depend of the choice of the tree Tb,.
This requires a generalization of the Kechris-Martin theorem to all pointclasses I}, ;.
We then characterize these models as constructible models relative to the direct limit of all
countable non-dropping iterates of an +1- We then show that the GCH holds in L[T%,],
for every n < w, even though they are not extender models. This analysis localizes the
HOD analysis of Steel and Woodin at the even levels of the projective hierarchy.

1 Introduction

The purpose of this paper is to study the inner models L[T3,]| associated with the pointclasses
I3 . The study of the inner models L[T| where T is a tree on w x K, k a Suslin cardinal, T'
projects to a universal I' set of reals and I" is a Levy pointclass, was initiated in the works of
the Cabal. The first step in this direction was taken by Moschovakis who has shown that if T}
is the Schoenfield tree on w x w; projecting to a I} set of reals then

LT = L.

In [13], Moschovakis defined the models Hr as follows. Fix a pointclass I" which resembles
1} and let ¢ : S — § be a regular I'-norm on a set S C R, S € I which isonto §. Let G C wxR
be a good universal set in I*I" and define
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by
P,a(n,v) < Jz(x e SAp(z) =vAG(n,x)).

Assuming AD, let Hr = L[P,g|. The construction of Hr takes place inside L(R). By
Moschovakis Hr is the smallest inner model of ZF containing every 3®I" subset of §. This
led descriptive set theorists to view Hr as analogs of HOD at the level of I'-definability, for I
suitably chosen. For example, if I' = 2, then

Hpﬂ‘/:(gj :HODﬂV:(g.

Letting ' be a pointclass resembling I} and letting & be a I'-scale on a universal I' set of
reals U, Becker and Kechris have shown that the models L[T5,1(F, U)] are independent of the
choice of scale ¢ and universal set U. As a corollary this gives that

L[Ty| = Hr,
for I' as above. Harrington and Kechris have shown that
RN L[T2TL+1] - 02n+27

where
Conso = {x : x is A}, in a countable ordinal}

is the largest countable 33, , set of reals.

The original intuition of Becker, Kechris and Moschovakis that Hr was an analog of HOD
was confirmed by Steel and Woodin’s HOD analysis, presented in [18], culminating in Steel’s
beautiful result that the Hr models are extender models, for ' a pointclass resembling 11}, see
[18]. First using finer versions of iterability for My, !, Steel has shown that R N My, = Ca, 4o,
see [14]. In addition, for I' = I}, ,, Hy is the direct limit of all countable non-dropping iterates
of My, denoted by Mas, «, cutoff at the least < d,.-strong, which turns out in this case to
be 43 +1 and where d., is the least Woodin cardinal of My, ., localizing Woodin’s result that
§% is the least < ©-strong. This is essentially shown in [18]. The reader can also consult [12]
for a proof that §7 is the least < ©-strong. This also means by soundness, a strong form of
acceptability, that Hp satisfies the GCH, a local version of Steel’s result that HOD*® satisfies
the GCH.

In [3], Hjorth has shown that under Det(II3), L[T3] was independent of the choice of scale
on a universal IT} set of reals. For n > 1 the uniqueness of L[T},] remained open. We show
that it has a positive solution:

Theorem 1 The models L[Ty,] are independent of the choice of the T1  universal set A and
of the choice of the scale G on A.

'The minimal proper class mouse with 2n Woodin cardinals.



In showing the uniqueness of L[T3], Hjorth used the Kechris-Martin theorem in an essential
fashion. Jackson has shown the Kechris-Martin theorem using the theory of descriptions. The
reader may consult [9] for the original proof of the Kechris-Martin theorem. The proof of the
above theorem requires a generalization of this closure phenomenon to all pointclasses I1}, .4,
which we show to be true using the theory of descriptions as in the II} case presented in [4]:

Theorem 2 ([1]) For every n € w, the pointclass 11}, 4 is closed under existential quantifi-
cation up to Ky, s, where K3, 5 is the (2n + 3)™ Suslin cardinal of cofinality w. In particular
every 113, 5 subset of K3, 4 contains a A}, 5 member.

After showing the uniqueness of L[T5,| for every n < w, we will then show the following
counterpart to Steel’s result on L[T5, 1] being an extender model:

Theorem 3 Assume AD*™® . Let /\/lfnﬂ’oo be the active direct limit of all countable non-

dropping iterates of M3, . Then the L[Tsyo] are the models L[anﬂ,oo} for everyn € w. In
addition L[Ty,] satisfies the GCH for every n < w.
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2 Analysis of the model L[T3,]

2.1 Introduction

As mentionned above, the models L[T5,] were not known to be independent from the universal
sets and the scales the tree 75, may depend on. We show now that this problem has a positive
solution. Previous work of Hjorth in [3] established that L[7%] is unique.

In [2], Becker and Kechris have shown that the model L[T%,1(P, §)] is independent of the
choice of P and ¢ on P. What Becker and Kechris actually show is a bit more: given the same
assumptions as above, every 3, (in the codes provided by the 0" norm of the scale) subset
of 83,4 is in the model L[T5,11]. We state the theorem below.

Theorem 4 (Becker, Kechris, [2]) Let ' be an w-parametrized pointclass such that A C T,
closed under recursive substitutions and under N\. Let A be a I'-complete set of reals, let g =

(pn 11 € w) be a reqular IXT scale on A and consider the 0™ norm ¢y : A — k. Then for any
X C k which is IXT in the codes given by oo then X € L[T(A, )]



Since every tree Th,y1 coming from a universal I}, ., set P and a regular II3,, scale &
on P can be computed to be X3 ., in the codes by the Coding lemma for every n < w, this
establishes that L[Ty, 1] is unique. Steel has shown that the L[T5,.1] = Has,y1 are extender
models. Recall that Hy, 1 is the model L[Pys] where Pjs is a subset of w x 43, ., defined by

Pss(n,a) < 3x(x € Pagr A p(z) = a AG(n, x)),

where G is a good universal set for I*II} , = 33 ., g a I3, scale on P. In particular
they’re constructible models over a specific direct limit of a directed system of mice, see [17]
and [18] for a full proof of this fact.

Our goal is to generalize Hjorth’s proof that L[T5] is unique. The main difference is that
we are not using the theory of sharps as in Hjorth’s proof but Jackson’s theory of descriptions.
We first briefly recall the set up from Becker and Kechris and some previous partial results on
the problem of the independence of L[T3,].

Definition 2.1 Let k3, be the Suslin cardinal of cofinality w associated to 113, under AD,
; ( 1 >+ =41
b€ \Rapp1 Qon+1-

Let P be a complete II3, set of reals and let ¢ a regular A}, scale on P. Let ¢, : P — &,

and let k = sup,, k,. Then G is nice if K = k3, , and the norms ¢, satisfy the following bounded
ordinal quantification condition:

If A(z,y) is £3,; then the following is also ¥,
R(n,z,z) <> z € UAYw € U(pn(w) < pn(2) = A(z,y))
Notice that for n = 1 this is essentially the Kechris-Martin theorem. With the following theorem

of Becker and Kechris, the L[T5,] models are independent of the choice of any II} complete set
A C R and any nice scale ¢

Theorem 5 (Becker and Kechris, [2]) Assume AD. Let A be a complete 113 set of reals
and let G be a nice A}, ., scale on A. Then the model L[T4 3] is independent of the choice of
A and g.

So basically a uniqueness of the L[T5,] models will require analyzing any scale by a nice
scale. Let P be a complete 113, complete set of reals and let & be a regular A}, scale on P.
Let k, be such that ¢, : P — k,. Let then x = sup{x, : n € w}. Then we have that x3,,, < k.
Using the scale &, one can define the following coding of ordinals less than x: let

P*={(n,x):n€wAxe P},

where (n,x) denotes the new real (n,z(0),z(1),2(2),...). For (n,z) € P*, define p*((n,x)) =
on(x). We will abuse the notation and drop the parenthesis around the real (n,z) when we
plug in inside the norm ¢*. For k some ordinal, we say that X C k is [' in the codes provided
by (P*, ¢*) if the set
{(n,x) € P*:¢*(n,x) € X}
is in the pointclass I'.
The above theorem relies on the following result of Becker and Kechris:
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Theorem 6 (Becker, Kechris, [2]) Assume AD. Let X C k3, and X is X3, in the codes
provided by (P*,0*). Then X € L[T(P,p)], where P is a complete 113, set of reals and @ is a
A3, reqular scale on P.

To see this, let P be a complete I, set of reals and let & be a regular Aj, ;| scale on P.
Consider P* as above and let ¢ be the scale defined by ¥y(n,z) = ¢,(z) and Ygi1(n,x) =
¢k (z). It then follows that we have that X € L[T(P*,1)]. We then need to see that the tree

-,

T(P*,¢) € L[T(P,F)]. But we can compute membership in T'(P*, ) as follows:

-,

(CL(), "'Ja’n)7 (Oéo, 7an> < T<P*ﬂ/’) A El(b()? "‘ka)J (507 7ﬁk) € T(P7 95)(@0 < IAn+1 <
l/\CLl:bg/\.../\an:bn_l/\@o:,Bao/\\V/j(ijSn-)Oéj:Bj_l».

Throughout the proof, we will then use the 0 norm 1), associated to any scale & as defined
above and we will denote it by 1y z. The goal is to show that the models L[T5,] are independent
of the choice of an arbitrary scale not just a nice scale. We will follow Hjorth’s proof, see [3] to
show that an arbitrary scale can be analyzed in the model L[T5,] by a nice scale.

2.2 Descriptive set theory background

We recall what it means to be a regular scale:

Definition 2.2 Let ' C P(R) be a pointclass and let A € I'. Then a regqular I'-scale is a
sequence G = (@, : n € w) of onto maps ¢, : A — Ky, for k, € ORD, satisfying the following
properties:

1. Whenever {x;} C A is a sequence of reals such that x; — x and @, (x;) — v, for every n
as i — w, then x € A and we have the lower semi continuity property: on(x) < Yy.

2. The following norm relations, <7, and <7, —are in L, for every n:

r<, yerr€AN(Y¢EAV(yEANp(z) < 0n(y)))
:1:<:,nnyEAA(y%AV(yEA/\SOn(@")<90n(y)))

Also recall that starting from a regular scale ¢, we have the tree T' derived from the scale
which is defined as follows

(s5,d) € Ty < Jz(z [ Ih(s), po(T) = o, .., Pin(s)-1(T) = Qun(e)—-1)

It is then straightforward to show that A = p[T5] where A C R is the set on which the scale @
is. For example, if € p[T] then use the properties of the scale to obtain x € A. Notice that
the tree T is on w X k where kK = sup{k, : n € w} and thus x has to be a Suslin cardinal of
cofinality w.



We next introduce the basic ingredients of Jackson’s theory of descriptions and analysis
of measures in L(R). It is not necessary for the reader to know deep facts of the theory of
descriptions to follow the proof.

Recall that under determinacy successor cardinals need not be regular. As usual,

8} =4ep sup{| = | :=< is a A} prewellordering of R}

Recall that by the coding lemma the ¢} are regular successor cardinals. By Kunen, Martin and
Solovay, the §) are all measurable cardinals (see theorem 5.2 of [8] for a proof) and by Jackson
93,1 satisfy the strong partition property (see [4] for the underlying theory needed to prove
this). We define the Suslin cardinals of cofinality w:

Kbni1 =des the least v s.t for every A € ¥, there exists T C w x v s.t A = p[T]

We have the following values for the projective ordinals and the Suslin cardinals of cofinality

1. Iﬂ& = No,,(\sj = Nl and thus é% = Ng,
2. ki =N, 8 =N, 1 and thus §} = R, » (Martin and Solovay).

3. In general (Jackson), we have k3, =X« 43 ., =8«  and thus
w w +1

2n+1 tower 2n+1 tower

09n+2
s w42

2n+1 tower

To carry out the construction of the trees T5,, we need to introduce natural families of
measures which arise in the context of weak and strong partition properties. We refer the
reader to [4] for the notions of uniform cofinality, trees of uniform cofinality R, the measures
Wi and ST.

We now move towards defining WO,;1 the set of codes of ordinals up to ki = N we. Once
this is done the definition of the set of codes up to X, will be very similar.

Theorem 7 (Jackson, [4]) There is a 1} complete set P, a Ili-norm ¢ such that p(x) =
|z| < 0% from P onto §% and a homogeneous tree J3 on w x 8% for P satisfying the following.
There is a c.u.b set C C 8% such that for all o € C, there is a x € P with o(z) = a and with
Js, | (sup, j,()) illfounded, where the supremum ranges over measures appearing in M the
tree of uniform cofinalities, coding measures which appear on a homogeneous tree projecting to

WO,.

Next consider functions f : §1 — d3 and the Martin tree T on w x §i. The Martin tree is
the appropriate generalization of the Kunen tree. We refer the reader to [4] for the definition
of the Kunen tree.



Theorem 8 (Martin, [4]) There is a tree T on w X §3 such that for all f : §3 — 83, there is
an x € R with T, is wellfounded and a c.u.b set C C §% such that for all « € C, f(a) < |T, |
sup,, J,(a)|, where if cof (o) = w then we use |T, | «| and if cof (a) = wyq, the supremum ranges
over the n-fold products, Wi, of the normal measure on wy (these occur in the homogeneous
tree construction projecting to a I} set) and if cof () = wo, the supremum ranges over the
measures occurring in the homogeneous tree construction projecting to a 1;[% set.

Notice that the Martin tree 7' is A} in the codes. That is we can find two relations S and
T which are ¥} and II} respectively such that

S(n,a,x) < T(n,a,z) < ((ag, ..., an-1), (|0, -.s |Tn=1])) € T
We are now in a position to define the codes of ordinals less than x2:

Definition 2.3 (The set of codes of ordinals less than kl) Let then T on w X §} be the
Martin tree and define

WO, = {{z,21, ... xs) : 2 € WO, AT, is wellfounded Vi}
Fory = (z,21,....,2,) € WO,y, let ly| = [fy]wy where f, : (33)" — 33 is defined by:
fy(ﬁla 7ﬁn> = |(Txn fSUpju(ﬁn)((an)L where 9

5 -1 — |( Tp—1 rsupju(ﬁn—1>(6n—2)’7

51 = ’(Tm rsupjl/(ﬁl)((SO)’a and 50 = |Z|W0w

In the above we use the appropriate measure v according to which cofinality the ordinal 3;
has, for 1 < j < n, in view of Martin’s theorem. So for every a < x},Jy € WO, 1 such that
o = [f,lwy for some n € w. Notice that WO, is ). Also notice that we could have defined
WOy . for each n € w and then taken the unions of all these sets of codes to obtain WO,.1.

In general we define WO, in a similar manner. Let W3, ., the cof (y)-cofinal measure
on 3,1, where 7 is the largest regular cardinal strictly less than d3,,,. The Martin tree T
in this case will be a tree on w x ¢35, ., and we’ll consider functions f : §3,., — 83,.1, except
this time there will be a lot more normal measures, all corresponding to the regular cardinals
below 43, ;.For each cofinality the appropriate measure has to be plugged in the Martin tree
construction to analyze functions f: 83, — 83,

Definition 2.4 (The set of codes of ordinals less than xj, ;)

WO,:  ={(z,x1,...,xm) : 2 € WO,Q%H+1 ATy, is wellfounded Yi}

Kon+3

Fory = (z,21,...,xm) € WO, let [yl = [f,]w, wy,, for some m € w, where, letting T' on
w X 83,,1 be the Martin tree, fy ; ( Snir)™ = 03,41 is defined by:

fy(ﬁh s ) — |( Tm Supju(ﬁm)((smfl)’; where )



5m—1 = |(Txm_1 [Supju(ﬁm—l)(é‘m—Qﬂa

01 = |(Tx1 fSUpju(ﬁl)((So)L and dg = |Z’W0H5 )

Again every ordinal below k3, 5 is coded by a real and WO, . isa I13,, ., set of real codes.
Below we state the generalized version of the Kechris-Martin theorem that we need here.

Theorem 9 Assume AD+V = L(R). Let X be a II},,,(z) subset of R x w. Suppose that
Iy < Ky pq Such that for all z € R, for allm € w, whenever [folwy =~ then (z,m) € X, for
[ (85,_1)™ — 05,_1. Then there exists a xo € A}, (y) and an ng € w such that for all x € R
and all m € w, whenever [folwy = [fgco]wzv;?+1 then (z,m) € X.

Theorem 10 Assume AD. Let X be a 33, subset of R x R x w. Then the set

{z € R:Vy < Ky, 13y € RIk € w([fylwe

2n+1

=vA(z,y,k) € X}

- 1
is also X, ;.

2.3 Analyzing the trees T5,

Definition 2.5 Let I" be a pointclass such that Z(l] CT. Let z € R. We define the relativization
['(z) of T by: P C R isin [(z) if there exists a set Q C R? in T such that,

P(z) «— Q(z, ).
In particular X9(z) is the pointclass of semirecursive in z sets.

Definition 2.6 Let p be a norm on R. We say P is invariant in x if for all z,2" € R and for
ally e R,

p(z) = p(z') — [P(x,y) < P(2',y)]

Definition 2.7 Let ¢ be a regular scale on a set A C R such that ¢, : A = k,. We say that
a set X C R s relatively H§n+3 invariant in the codes given by the 0" norm 1y if there exists
a set Y CR? in I, 5 such that

re€X Vo, ...,x, € AVEVi < n(¢o(k,z;) = api A ((x1, ... xn), ) €Y)

Similarly a set X C R is relatively 33, 5 invariant in the codes given by the 0" norm 1y if
there exists a set Y C R? in 3, 4 such that

r € X «—Vay,...,x, € AVEVi < n(¢o(k,z;) = api A ((x1, ... xn),x) €Y)

One can of course also let X CR™ and Y C R in the above definitions.



We have the following result of Solovay, see [6],

Theorem 11 (Solovay) Assume AD. Let G be a reqular A}, , 4 scale on a a 113, ., set A C R.
Fiz x1,...,x, € A. Let A be the pointclass of sets of reals which are relatively 11}, , 5 invariant

in the codes given by vgy. Then, PWO(A).

Recall that a pointclass I' is w-parametrized if there exists a U C w X R which is universal
for I' subsets of R.

The following is a consequence of definition 2.7 and the fact that the pointclasses IT}, ,, are
all w-parametrized for every n < w.

Lemma 2.8 Assume AD. Let ¢ be a reqular A}, 5 scale on a a I13,,, set A C R. Fiz
T1,.., 2, € A. Let A be the pointclass of sets of reals which are relatively 113, 4 invariant in
the codes given by vy. Then A is w-parametrized.

Also we will repeatedly use in the proof the fact due to Kechris that, under Det(I"), every
prewellordering in 3*I" does not have a perfect set of inequivalent element. (since there is no
IR wellordering of R under Det(T") and since by a result of Kechris, every set in oI' has the
property of Baire, see [7]). This only requires local determinacy hypothesis, although we just
work under AD.

We will also use the following nice determinacy transfer result due to Kechris and Solovay,
see [11]:

Theorem 12 (Kechris, Solovay) Assume ZF+DC. Let T be a pointclass such that A C T
and I' 1s a Spector pointclass. Then we have that

Det(A) — Det(T)
Proof. See [11] O
Corollary 13 Assume ZF+DC. Let T be a pointclass such that A C T and T is a Spector

pointclass. Then we have that

Det(HYP) —s Det(IND)

Corollary 14 Suppose V E Det(I13,,). Let M be an inner model of ZF such that ORD C M
and such that M =51, V. Then,

M E Det(113,)

Notice that assuming Det(A} ), M is an inner model of ZF such that ORD C M and such
that T, € M, where Ty, is a tree on w x 4§53 41 which projects to a universal set U and
which comes from a regular II3,, ; scale ¢ on U, we have that

M ‘<21 V

2n+1

We will need the following theorem of Woodin. The proof follows Hjorth’s argument, see [3].
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Lemma 2.9 (Woodin) Suppose VE Det(I13)). Let x be a Cohen generic real over V. Then,

V ‘<El

2n+2

Via]

Proof. Let Th, .5 be the tree coming from the Kechris-Martin scale on w X w X K, 4 such
that for some 33, 5 set A, pp[T] = A and for some 11}, , set B, p[T| = B and

A={z:3x eR((z,y) € B)}.

Let 7 be a term in the forcing language for Cohen forcing. Let k3,5 < & be least such that
L.[Tony2, 7] is admissible (i.e. satisfies KP ?).

If z is Cohen generic over V., then L[y, 2,7, x| is still admissible. But then by ab-
soluteness of wellfoundedness V[z|] E p[Tonio] € B. Since L,[Toyi2,7, 2] is admissible, if
Viz] E Yy((y,7¢(x)) ¢ B) then for all z € B such that (z,7¢(z)) € p[Tanie], the fact that
(Toni2), is wellfounded will be witnessed in Ly [To,12, T, x].

But since there are only countably many reals in the model Ly |75, T, z], since

LK[TQnJrZa T, iL’] N R = Q2n+3(x7 Z)?

which is countable by O-theory?, with 7 coded by a real z, we can let 2’ such that 2/ € V and
such that 2’ is Cohen generic over L[Ty,42,7]. Pick 2’ below a condition p which is such that

p I the tree of attempts to build y with (y, 7[z]) € p[Tani2] is wellfounded
Then we have that
Li[Ton12, 7] E plF the tree of attempts to build y with (y, 7[z]) € p[Tans2] is wellfounded
and so
V F the tree of attempts to build y with (y, 7[z]) € p[Tanio] is wellfounded

O

Notice that since Det(II},) is a ¥j,,, statement, the above theorem can be applied to
iterations of Cohen forcing, although we won’t need this fact in the proof below.

Next, as in Hjorth’s proof, the idea is to use forcing to analyze a given I1} 43 norm. What
the theorem below means in practice is that any tree 75, which comes from a Kechris-Martin-
like scale* can be used to analyze a given I}, 5 norm on the reals. Call such a tree a canonical
Ty, tree .

2KP is Kripke-Platek set theory. It is weaker than ZFC, has no power set axiom with separation and
collection are limited to Xo(= Ay = IIp) formulae.

3The fact that the set of reals of L [T5,] is Qan+s can be shown using the generalizations of the Kechris-
Martin theorem, this was shown in the author’s thesis, see [1], section 3.4 and section 3.5.

4Such scales were constructed in the author’s PhD thesis, jointly with Steve Jackson, this construction is not
directly relevant to the proof.

5The canonical tree T is simply the Martin-Solovay tree built using the theory of sharps.
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The main twist is that once this is done, we would like to do the same for any tree T5,, that
is not necessarily coming from a Kechris-Martin-like scale. The corollary to the theorem below
will allow making any 75, C w X K3,,, tree look like a canonical T5, tree. Once this is done,
one can then capture any Tb,-like tree in L[Ty,]. This is the idea Hjorth used in his proof of
the uniqueness of the L[T5] models.

Theorem 15 Assume AD. Let y € R and let p be a 113, 5(y) norm on some set of reals. Let
A be a complete 113, ,(y) set of reals and let G be a regular A}, 5(y) scale. Suppose that for
all B € ¥3,,5(y), the following set

{.T eER: VI'l, T € A7 Elyla 7yndVZ S n(¢0<k7yz) - 1/)0(]{;7%72)7 (<y17 7yn>7x> S B)}

is also X3, 5(y).

Then for every x € R, there exists a sequence {xr} C A such that for o(k,x;) = oy, for
every i < n and there exists a set D C R which is relatively Aj, 4(y) invariant in the codes
given by the 0 norm 1) satisfying the following properties:

1. x € D,
2. DC{zeR:p(z)=pz)}.

Proof. We let y = 0 since the case with a real parameter y is exactly the same. We will
establish the theorem with a series of claims.

First we show the following claim which follows from the separation property of the point-
class of sets which are relatively Y3, 5 invariant in the codes given by the 0%"-norm .

Claim 1 Suppose B is relatively £33, 5 invariant in the codes given by the 0""-norm 1. Suppose
that
Yw, z € B we have that p(w) = p(z)

Then there exists a set B*, such that B C B*, B* is relatively A}, 5 invariant in the codes
given by the 0™ -norm 1)y and

Vw, z € B* we have that p(w) = p(z)

Proof.
Consider the set
C={weR:3z€ B(p(w) # p(z))}

Then the set C' is relatively 33 43 invariant in the codes given by vy since B is also in that
pointclass. Also CNB = (). Recall that, under ZF for a nonselfdual pointclass the prewellorder-
ing property of a pointclass implies the separation property of the dual pointclass. So choose a
set B* which is relatively A}, ., invariant in the codes given by ) such that B C B* and such
that C'N B* = 0.

O

We define the set Ag as follows:
Ay is the set of all € R such that Vx4, ...,z, € A, Yoy, if Yo(k, ;) = ay,;, where i < n, then
for every D which are relatively A}, 4 in ¢, the codes given by we have either

11



1. z¢ D, or
2. Jw,z € D(p(w) # p(2))

Assume that Ay is nonempty. Then notice that Ay € X3, 4, since &, and hence Yisa AL s
scale on A, and since we can obtain, uniformly in the codes give by the 0! norm 1) a code for
the set D, say from a universal relatively II},  , invariant in the codes given by 1 set and since
this pointclass also has the prewellordering property uniformly in the codes given by ).

Claim 2 If A} C Ay and Ay # () is relatively E%n+3 in the codes given by 1y, then Jw, z € Ay
such that p(w) # p(z).

Proof.

Suppose that Vw, z € A;, we have that p(w) = p(z), then let A; C Ay such that A, is
relatively A} 5 in the codes given by ¢y and Yw, z € A,, we have p(w) = p(z). But now notice
that A, N Ay = (), by definition of Ay and then we must have A; = (). Contradiction!

OJ

Now we define the following partial order IP:
P={BCR:B#0,BC Ay, H{z:}i<n C Atho(k,z;) = a; and B is rel. 33, - inv. in o}
For By, By € P, we let
By <p By <— By C B;.

Notice that by assumption P # (.

Let V) a large enough rank initial segment of V such that V) F ZFC™. Let X < V) be
a countable elementary substructure of V) and let M be the transitive collapse of X. Let
Q=PNM and let <g=<p NQ x Q.

If G is Q-generic over V, we let ¢ be the real introduced by forcing with Q. We also let G
be a name for the Q generic G.

Claim 3 (A, Ao) IF p(z¢,) # p(z¢,)-

Proof.
Suppose that there are conditions By C Ay and B; C Ay such that

(Bo, B1) IF p(wg,) = p(ag,)

Let
Bj = By x Byn{(w, z) : p(w) # p(z)}

Then since Q is countable, we have by elementarity of M that B € M. Also B # () by the
above claim. Let

Q ={BCR*:Bec M,B#0,B is rel. E%n—&-S inv. in the codes ay; given by vy (k,z;)}

12



Let (K,G) be Q" x Q generic over V such that K C B A G C By. Let
G'={ByCR:{(w,2) €B;:2€ By} € H}

and let
G'={B CR:{(w,2) €Bj:2€ By} € H}

Notice that (G° G) and (G',G) are both P x P generic over V 5. Also since By € GY,
By € G' and B; € G we have that

p(xeo) = p(xc) and p(zer) = p(zc)

Since A is a complete II;, set, any II3, set X C R? which projects to (<) is such that
X <y A. Let ¢ be a real coding the function Wadge reducing X to A. Then this fact continues
to hold in V[H,G] with € € V[H,G]. In addition, by absoluteness of wellfoundedness we have
that V[H,G] E p[Ty,12] € A. Let € = 7 '(g), so that & codes the Wadge reduction inside M.
Since 7 naturally lifts to generic extensions. By genericity of G°, G*, we then have reals z¢o
and xg such that
p(zeo) # p(za).
But then p(zgo) = (zg) and p(xgr) = p(za) yet p(xgo) # p(zgr) in V[H,G]. Since Q x P is
countable then V[H, G] is equivalent to V[x] for  a Cohen real. Contradiction!
O

To finish the proof of the theorem, we use the following basic lemma from forcing theory:

Lemma 2.10 Let z be a Cohen real. Then there is a perfect set F' in Vx| such that for every
F' CF, F'={z,...,2} finite, we have z; is generic over V|z, ..., zj_1].

Proof.
Consider the following poset:

P={(T,k): T C 2 ht(T) = k}

We also let
(T k) < (S,1) +— SCTANI<LkE.

Any P-generic/V adds a perfect tree U. Let G be P-generic over V. Let z, ..., z; € U be in V[G].
Let (T, k) € V such that for branches fo, ..., f; € [T] we have fy C 2, ..., f; C z;. Notice that
there are densely many conditions (S,1) < (T, k) for which there exists a conditions (R, m) such
that for branches fJ, ..., f{ € [R] we have fo C f7, ..., f} C f; and Nyox..xNpnX = () for some
nowhere dense set X. But since G is generic, it has one such condition. So (zo, ..., 2;) ¢ X,and

it is a sequence of Cohen reals, so z; is generic over Vz, ..., zj_1].
|

So let z be a Cohen real and let F' be a perfect set, in V[z]|, of R-many Cohen reals z,
f € 2% such that if f # g there exists Gy and G satisfying the following:

50ne can use a genericity argument to show this.

13



1. (Gy,G,) are mutually V-generic below (Ag, Ap) for P x P
2. 2q; = f,rg, = g and p(xy) # p(z,).

But F is in V, since the second clause above is 3, ., and since V <3 ., V[z]. But p was

supposed to be a II3,, 5 norm. Contradiction!

O

Corollary 16 Assume AD. Let p be a 113, 4(y) norm on some set of reals. Then Vx €
R, Ha} C (K3y,us)~?, 3D which is relatively A}, , 5 in the codes given by some scale ¢ such that

1. xze€D
2. DC{zeR:p(z)=p(x)}.

Proof.

Since we don’t have the assumption on the norms of the scale ¢ as in the above theorem, we
use the Kechris-Martin theorem. Then the set Ay defined in the above claims is X3, by the
Kechris-Martin theorem. If f, : (83,.1)" — d3,.1 and f, : (83,,1)7 — 93,1 are two functions
coded by the "nesting” defined for generalized Martin tree, and if [f;]ys o= [ fy]WQj _and if

n n+
V0,0, (T) = ok, V0,0, () = Bo; then the pointclass of relatively A%n+3 invariant in the codes
given by g ,, for some {z;};<; and the pointclass of relatively A%n 43 invariant in the codes
given by 1y ,. for some {x;}i<; are the same. So one can always find new codes in 1) for some

sequence of real such that the corollary holds.
OJ

Corollary 17 Assume AD. Let p be a 113, 5(y) norm on some set of reals. ThenVx € R,3j €
w, o < K3, 5 such that there exists a D C R such that

1y € R([fylyy, , =)

2. Vy € R<[fy]wgn+3 = a — D is invariantly A}, 5(y))
3. xeD

4. DC{zeR:p(z) =p(z)}.

So basically D is A}, 5 in the equivalence classes functions f : (03,,,1) % — 03,41

14



2.4 The Main Theorem on the uniqueness of L[T5,]

We assume AD again throughout this section. We start with the following basic lemma from
Q-theory:

Lemma 2.11 ([10]) Assume AD. Then there exists a non trivial 113, , singleton, ie. a
Yonts € R such that {yonss} € 11,5 and Yonis & A}, 5.

Next, we aim to see that any I}, 4 subset of 3,4 is uniformly A} . 4(yan+3).

Lemma 2.12 Assume AD. Let A C R? be a universal 11}, 5 set (recall that 11}, 4 is w-
parametrized). Suppose that {yani3} = Ay, for some t € w, and yonys ¢ AL, 5. Suppose ¥ is a
I1},,., 5 norm on the set A.

Then Vo < K3, 5, Vk,l € w, we have

Vw € R((fulwy,,, = o= Alk,w) & 3z € B3 € wllflyy = aAv((dlk.j,0),2)) < Ut yanra),
where d : (w)? — w is a recursive function such that for all z € R and for all k,j,1 € w,

A(d(k. 1.1)).2)) Voo € R((fulwy,, = Felwy, | — Alk,w))

2n+1

Proof.
Notice that our hypothesis on d immediately gives that

JdzeR,dje w[[fz]WanH = aNY((d(k,j,1),2)) < Y(t, yonss) — Yw € R([fw]wén+1 =a — A(k,w))

Suppose the conclusion of the lemma fails. Then there must be | € w and o < k3,5 such that

for all z € R, Vj € w, whenever we have that [fz]wg LT then

A(d(kaja l)>Z>) N w(t7y2n+3) < ¢((d(kaj7l)7z))

But now this implies that
{Yon+3} € Dgi5(2),
by assumption. This then gives that

Yon+3 € A%n—i—S (2)

and
vz ERV) € w((flyy | =a— Ty €Ny 5(2)(Alt,y))

By notice that by restricted quantification, we have that

B(z) +— Ty € Dy, 5(2)(A(t, y))
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is also II3,, . 5 and by Kechris-Martin we have
Jx € A,, .5 such that Jy € A}, 4(2)(A(t, y))

and hence
Ely € A%n-ﬁ-?) (A(t7 Z/))

Contradiction!
O

Lemma 2.13 Assume AD. Let A be a universal 113, 4 set of reals and let d be as above.
Let M <51, V' be a transitive inner model of ZF+DC' such that ORD C M. Then Jy €

M NR,3t € w such that A(t,y) and for all & < K3, 4, for all k,l € w, we have that

Y € R([fulwy,, = a = Alk,w)) 3z € R 3j € wlflyy | = arv((d(k,j,0),2)) < 6{t, nsa)
Proof. By assumption, M satisfies IT}, , ,-determinacy. So

MEvweR(fulwy,,, = a — Alk,w)) & 3z € RFj € wlfily, | = arp((d(k,j.1),2) < ¥(tyanrs)

Also by assumption and since M E “A(k,w) holds” then we have that A(k,w) really holds.
So have that

3 € R Ij € wlflyy = o AU((d(k,5,1).2) < b(tonrs)

implies that
Yw € ]R([]‘},J]szn+1 =a — A(k,w))

Now suppose that there is an | € w, Ja < K}, 5 such that Vz € RVj € w whenever [f.],,;, =«

2n+1
then we have that ¢(t, yan13) < ¥ ((d(k, 7, 1), 2)). Since this is a 113, 5(y2n+3) statement about
o, by Kechris-Martin 3z € A}, 3(y2n13) and ¢ € w such that [falwg,,, = . But then z is
definable in M thus x € M. Since M E ¢(d(k,t,7),x) < ¢ (k,w) by assumption. But we have
M =51 V. Contradiction!

O

Finally in the next last two lemmas we use the fact that every II}, ., subset of s}, 4 is
uniformly Aj, 5(y2n43) to compute any Aj 5 scale ¢'in a nice scale §.

Lemma 2.14 Assume AD. Let P and Q be two universal 113, 5 (yont3) sets of reals. Let @ be
a A}, 5(Yonys) scale on P and g a A}, 5(yants) scale on Q. Consider the trees from the scales
Tonto(P, ) and Toni2(Q, p). Suppose that for every B € 3, 5(yon+3), the following set

{l’ eR: vxl? vy T € PO;Elyla -"ayn<w0,gﬁ<kayi) = %,@(k,%i),Vk < T, (<y17 7yn>vx) S B)}

is also E%n+3(y2n+3)' Then T2n+2(Q7p_j € L[T(¢)>y2n+3]'
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Proof.

Since we're assuming AD, all relevant pointclass are w-parametrized, in particular, the
pointclass of sets which are relatively X}, . 5 invariantly in the codes is w-parametrized uniformly
in the codes given by 1o z. So we can find a set U C w x R x R which is IT}, , 5(y2,+3) and such
that

1. Vay,...,x,, Ywy, ...,w, € P,Vk € w,VIVi <n
(Yog(l, i) = o g(l,w;)) — {x € R: (z,{w;), k) e U} ={z € R: (w,(wy), k) € U}

2. Vaq,...,x, € P whenever ¢ (I, x;) = k;; and W is relatively H§n+3 invariant in the codes
K00, ---» K1, then 3k € w such that W = {z € R : (z, (z;),k) € U}

Let £ denote the sequence of ordinals kg, ..., k1, Now let Uz denote projection of U onto
the first coordinate, i.e. the set

{z €eR: (z,(x;), k) € U}.
Next consider the set
U, = {(R, k) : Uz is rel. A5 inv. \Uzg # 0,V2,y € Uz (v 5(1, 20) = 0,51, 10), VI < n)}

This is basically the set of codes of sections of relatively A}, ., in the codes sets of reals but
we just require that they’re invariant in the norm being analyzed by the Kechris-Martin norm.
Also we have that U, 1 CU,. For any (R, k) and (7, j), we define (8, k) <,, (7,7) if and only if
for every x € Uz, and for every y € U,

¢0,ﬁ(n7 JI) < wO,ﬁ(na y)

But by Becker and Kechris, we have that (U, <,) is in L[T({), yan+3) since the prewellordering
<p i 383, 5(Y2n+3) in the codes and since that sets U, are also X3, 5(y2n43) in the codes. By
theorem 17, we can also find a code (K, k) € U, for every n € w, for every x € Q, = € Uz,
since these are exactly the codes of relatively A}, ., in the codes sets of reals. Next for each
n € w, let o, : U, — (, be the norm associated to the prewellordering <,, defined above:

for any codes (%, k) and (7, j) in Un, 0n((F, k) < 0n((7,7)) iff (R, k) <k (7,])

Notice that for every n € w, ¢, < K},,5. By Becker and Kechris, the sequence of norms ¢'is in
L[T (&), yon+s). Since T'(p) is the set

{@ € ORD™¥: In € w,lh(d@) = n, (R, k) € U, such that VI < n, 0,((R, k)) = u(n)}

then T'(p) € L[T(F), yan+3] and we are done.
U

We finally conclude with the last lemma which finishes the proof that the models L[T5,, o]
are unique.
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Lemma 2.15 Assume AD. Let P and Q be two universal I}, ., set of reals. Let @ be a A}, 4

scale on P and p be a A}, 4 scale on Q. Consider the trees from the scales T(F) = Toni2(P, @)
and T(p) = Toni2(Q, p) as usual. Then L[T(F)] = L[T(p)]

Proof.
By the previous lemma, we just have to show that 7'(p) € L|T(£)]. By lemma 2.21, we only
need to see that if y € R is such that for L[T(@)] <xy V., y € LIT'(#)] NR and satisfies the

conclusion of lemma 2.20, then for all sets B which are X}, 4(y), then
{x e R:Vay,..,zn(x; € P — Jyr, o, Y (Vo,g(k, yi) = og(k, 2;), Vi < n,Vk, ((y1, ..., yn), z) € B)}

is also 33, 5(y). By the proof we give in the next section of the fact that L[y, 2] = L[Mi+1,oo],
y can be considered to be 3, . 5, the least non-trivial IT} . , singleton.

Next we define a IT},, , s norm ® for which the above lemma applies, by setting ®(z) = ®(y)
if and only if either

r = (x;),y = (y;), Vi < n, for some n € w, and Vi < n,z; € PAy; € PANYogzk,x;) =
¢0,§3<kvyi>7 or

# (x;) and either for every i < n, x; ¢ P or there exists an i € w such that x; ¢ P and
# (y;) and either i < n, y; ¢ P or there exists an i € w such that y; ¢ P

Next we fix a set U C R x R x w such that

1. For all 5,1l € w for all w,z € R and for all t € w
[fZ]WQZn+1 = [fy]Wan+1 — {Z : A(Z,ZAJ],t)} = {Z : A('Z?.]Ay)t)}a

2. Uellj, s,

3. For every a < K, 4, whenever W = {z: V:l:([kfm]v[%le =a — V(z,2)} where V € II3,,
then there is t € w, y € R and j € w such that W = {z : U(z,j "y, t)}.

For t € w, a < K3, 5 and [fx]WQZ L, T awe consider as in lemma 2.20, the projection of U

onto the first coordinate:
Ust={z€R:U(z,1"x,t)}.

By lemma 2.20, the assumption on y3, , 5 implies that for B € I}, 5, we have that
(@) ¥y, 5) € Rx wllfulug,,, = by = B3}

i8 23, 15(Yonrs). We now fix a set B € X3, 5(Y3,13)-
Let X be the set of all z € R such that for all & < k3,5 and for all ¢;:

1. Either for all t5 € w, Uy, #o Uay,, OF
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2. there are z,y € U,,4, which are not ®-equivalent, or
3. Uas, =0, or

4. There exists an © € U,y, such that x = (x;),Vi < w,z; € P A 3Jy = (y;) such that
®(z) = ®(y) and B(y, 2), or

5. There is an x € U,4, such that either x # (z;) for all z; or x = (x;) and for some i € w,

Claim 4 X is X3, ,5(y3,43)

Proof.

We check that the clauses (1) through (5) are at most X3, , 5(y3,3). Clause (1)is X3, 5(y5,.3)
since the pointclass 113 13 has the prewellordering property. Taking the existential quantifier in
clause (2) outside the conjunction of clauses (1) and (2), shows that (1)V(2) is also X3, 5(y9,45)-
The same holds for (1)V (3), (1) vV (4) and (1) V (5). By the generalization of the Kechris-Martin
theorem, X is now 33, 5(49,.4)-

0

This last claim now finishes the proof of the lemma:
Claim 5 We have that
X = {Z eR: vxl) ey T € POa Elyla "'7yn(¢0,cﬁ(kja yl) = @DQ@‘(IQ,IJ,V!@‘V@ < n, (<y1a -"7yn>’ [E) € B}

Proof. Let x4, ...,x, € Py and let ¢ g(k, z;) = ay; for all k € w and i < n then by corollary
4.24, there exists a < k3,,, and ¢ € w such that

1. Uy, is A}, 5 in any code w which codes a function f : (83,,,)* — J3,., via the
“nesting” of the Martin tree and which equivalence class gives a and

2. v = (x;) € Uyy, and

3. For every y € U,,,, we have y = (y;) with ¢y s(k, y;) = ax;, and so we have ®(y) = ¢(z).
Hence if the defining condition of the set

{zeR:Vay, ...z, € Py, 3y1, ..., yn(Vo,3(k, yi) = og(k, ), Yk <n,({(y1,.... Yn),x) € B}

fails, then U, ;, witnesses that z € R ¢ X. Conversely, if z ¢ X then clause (4) above must fail
and thus

z ¢ {Z c R : vxl: ey Ty S POazlyla 7yn<w0,@'(kayz) = ¢0,¢(k,$i),Vk S n, (<y17 7yn>7x> S B}

O
O
This completes the proof of the main theorem.
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3 L[T,] and direct limits associated to mice

3.1 Introduction

In this section the goal is to show that L[Th,.o] = LM 11.00)- We'll use ideas of Sargsyan and
Steel to show the main theorem below.

The following theorem is a central theorem in descriptive inner model theory. It jump-
started the analysis of HOD’s of models of determinacy.

Theorem 18 (Steel [16])) AD*® implies that HOD*™ is a core model below ©. In L(R)
every reqular cardinal below © is measurable.

We will show the following theorem below:
Theorem 19 (Main Theorem) Assume AD"®) " Then the L[Ty,+2] are the models L[MQ#,ZJFLOO].

We need to record all the notions involved in the computation. Given a set of reals A, O A
is defined as follows:

xr € DA « IngVnyInoVng...(x, {(i,n;) i € w}) € A
Notice that this is the same as saying :
0A = {x : I has a winning strategy in G4, }

Let M be a premouse. For a < o(M), we let M||a be M cutoff at a and the last predicate
indexed at « is kept. M|« is M||a without its last predicate. We say that « is a cutpoint
if there are no extenders on the extender sequence of M such that a € (¢p(F),lh(E)]. We
say « is a strong cutpoint is there are no extender on the extender sequence of M such that

€ [ep(E),lh(E)]. We refer the reader to [17] for the definitions of the iteration game and
normal trees.

Definition 3.1 Let T be an n-normal iteration tree of limit length on an n-sound premouse
M and let b be a cofinal branch of T. Then Q(b,T) is the shortest initial segment Q of M,
if one exists, such that Q projects strictly across 6(T) or defines a function witnessing 6(T) if
not Woodin via extenders on the sequence of M(T).

We refer the reader to [17] for the definition of the Dodd-Jensen property. The property
says that iteration maps are minimal. The main use of the Dodd-Jensen property is in showing
that HOD limits exist.

Definition 3.2 (Cr) For a a countable transitive set we let
Cr(a)={bCa:becOD(a)} =P(a)N Lp"(a)

where Lpt (a) is the union of all a premice projecting to a having an w, iteration strategy in I .
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let T, be such that Cp, (2) = RM»@®) . So we'll let T, be (X2)L0),

Definition 3.3 Let I',, be as above. N is called T',,-suitable if there is a 0 such that
N = Lp*(N'| 6) and
1. N E 6§ is Woodin

2. For every n <9,

(a) If n is a cutpoint of N then Lp™(N | n) SN
(b) Lp™(N | n) E n is not Woodin, and
(¢) If n is a strong cutpoint of N, then Lp™ (N | n) = N | (n™)V

We write 6N for the unique such 6.

A theorem of Steel and Woodin states that a real = is ordinal definable from y over L(R)
if and only if z is in M,(y), where M,(y) is the minimal class premouse over y with w
many Woodin cardinals, see chapter 7 of [17] for a proof of this theorem. This phenomenon
is called mouse capturing. By mouse capturing in L(R), (£2)*®)_guitability is the same as
L(R)-suitability, in which case we just say “suitable”. Given an iteration tree 7 on a suitable
mouse N, T is correctly guided if for every limit a < 1h(7), if b if the branch of T | a chosen
by T and Q(b, T | «) exists then

Qb T I a) I Lp(N(T | ).

T is said to be short if either 7 has a last model or there is a wellfounded branch b such that
T {N/} is correctly guided. T is maximal if 7 is not short. Notice that maximal trees can’t
be normally continued since every initial segment of a normal tree is short.

Definition 3.4 Let N be suitable. then N is short tree iterable iff whenever T is a short tree
on N then:

1. If T has a last model then it can be freely extended by one more ultrapower, that is every
putative normal tree U extending T and having length Th(T) + 1 has a wellfounded last
model, and

2. If T has limit length and T is short , then T has a cofinal wellfounded branch.
As usual for a suitable mouse N we let
AN = sup(HullN (s7) N oY),

ThY = {(p,t) : t € (Y Us™ )< A LIN| max(s)] E o(t)},

and

HY = HullN (v U V)
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We say N is n-iterable if whenever 7T is a normal tree on N there is a correct branch b of
T such that i,(s,) = s,, where s, is the sequence of the first n uniform indiscernibles, then
i [ H Q{ is independent of the branch b. We let i}, 5 be the iteration embedding which fixes the
s, and call it the n-iterability embedding.

We will need the notion of II! iterability for mice with n Woodin cardinals. This notion is
a strengthening of the notion of I} iterability and the basic can be found in [14]. TI} iterability
will be sufficient for comparison of mice with the appropriate number of Woodin cardinals which
can be embedded in the background. However the definition of II} iterability is asymetrical
in the case where n is even or odd, reflecting the periodicity phenomenon from descriptive set
theory. The definition is slightly more complicated in the case n is odd, and this is the case we
are directly concerned with here (Notice that this is the same as I,-iterability, where n is even,
following Steel’s notation, since IT#¢ =TI}, ). We refer the reader to [14] for full definitions of
I} iterability.

Using the Spector-Gandy theorem, it is then immediate that the set

{M: M is 1, , iterable}

is a I}, ., set. Steel then shows in [14] that II}, ., iterability is sufficient for comparison of
IT},,, ,-iterable mice with mice which 2n+ 1 Woodin cardinals and which are realizable into the
background. The reader can consult [14] for a full proof of this fact.

3.2 Inner model characterization of L[T3,]

We now state and prove the main theorem of this section.

Theorem 20 Assume AD*® . Let T5,12 be the canonical tree which projects to a universal
I}, ., set. Then

LTy 0] = L[Mg#nJrl,oo]

Proof.

Define Steel’s tree So,io for 113, ,. This will be a tree on w X w X w X k3, 5. Let £ be the
language of premice and let £* = LU {d; : i < w} where the a; are constants. Let (p, : n < w)
be a recursive enumeration of the sentence of £*.

Recall that a theory T is said to be Henkinized if for every formula ¢ and variable x, there
is a constant a such that “Jzp(z) — ¢(x/a)” € T, where ¢(x/a) results from replacing free
occurrences of the variable x by the constant a. We say x € R codes a premouse if

Ty = {¢n : x(n) = 0}
is a complete consistent Henkinized theory of a premouse. If x codes a premouse, we let
R, = {af D < w}
be the premouse whose theory is T,. Define G~ to be the set of triples such that:
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1. y codes a Cy, 4o guided tree 7T, on M#n 41
2. z codes a premouse R, such that M(7,) IR, I LIM(T,)] and R, E ZFC™ +74(7T,) is

the largest cardinal”

3. w codes a branch b of 7, such that R, <M,
The set G~ is a A}, ., set. We let
G ={(y,z,w) € G~ : either R, F §(T,) is not Woodin or M(T,)" <R},

where M(T,)* = Copi2(M(T,)) is the unique suitable premouse extending M(7,) such that
d(T,) is its largest Woodin cardinal. So in G we basically have two cases: the case where 7, is
a short tree and the case where 7, is a maximal tree. Then the set G is a II}, () set of reals
where z codes M’;;H.

Define a scale on G as follows. Fix a X}, , scale g on G~. Extend £* to £** by introducing
new constant symbols {6} U {7 : i < w}. The intended meaning of the symbols is that if z
codes a premouse R, which is suitable then we interpret (5Z as the Woodin cardinal of R, and
#7 as the theories 7%, where i means we only look at the first i indiscernibles. Let R* be the

L** structure obtained from R,. Let (0; : i < w) be a recursive enumeration of the ¥, sentences
of £**. Then let

Now let
) (y, z,w) = 0if 6; € T, and ¢)(y, z, w) = 1 otherwise.

If 6, = Jv < 6¢(v) and 6, € T, then we let
ér(y, z,w) = least k such that v (a) € T."
and otherwise we let ¢} (y, z,w) = 0. Also if (ax < 7,*) € T then let
G (Ys 2, 0) = iR 00(a7,)

so basically we code the embedding into the norms. Notice, just as in [15], that the first-
order theory of R" is coded into the norms. The norms also code the elementary embedding
TR.oo | 0(7T2). Now we code the whole thing as follows: let

an,m(y? z’ w) = <77Dn(y7 Z? w)? ¢2(y7 Z’ w)’ ¢7]:L(y7 Z? w)? i,m(y7 Z’ w))

Using arguments from Steel one can show that this is a scale 7, see [15]. We actually go ahead
and show the following claim:

Claim 6 gz?nm is a scale on G.

"The key is to show that we have fullness and to use the Dodd-Jensen property.
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Proof.

The lower semi-continuity property follows from the Dodd-Jensen property. We refer to
Steel [15] for the details. Next we verify the convergence property. So let (y,,zn,w,) —
(y, z, w) with respect to gzﬁn_:m. We then must see that (y,z,w) € G. Since 1, is a scale, then
(y,z,w) € G~. This then implies that T, is Cy, o-guided and that we have R, < M(T;) .
Since (Yn, 2n, wy) — (y, 2, w) with respect to 0 then we can define T} —T%, and T is exists
and codes the first-order theory of some unique P*. Since (yn, z,, w,) converges to (y, z,w)
with respect to gb_i, then R, = P. Next we justify that P is wellfounded and suitable. For this
we use the fact that ¢? is a scale. Let

Yo = sup({€ < 67" : (¢ is definable over P from 77" })

n

and let
v = Sup Ya.
n<oo

Since v < 67" = §(T,) then v is in the wellfounded part of P*. Let P, = HP(y U {77"})
be a X; Skolem hull which is collapsed on its wellfounded part. Let ¢ : P; — P be the
canonical embedding Then we must have crit(o) = 7 by elemeptarity, so that o [ v =id. Let
Tn @ Ps, — Mopi10 and define m @ Ply — Mapi1.00 by W(aj) = eventual value of Wn(ajn)
as n — oo. Notice that this eventual value must exist since if a'j < 7, then there is ¢ € T,F
such that (dj < ) < ¢ and ¢ € T, for all sufficiently large n. So there exists a k < oo such

that af” < vlfz". We now extend 7 : P|ly = Mapi1.00 to 1 Py — Moyi1 0. Notice that this
extension need not be an iteration embedding. We also let 7(77") = 72°.

Let ¢ € P;. Then there exists a k < oo and a Xy formula ¢ of the language of premice, and
parameters a; , ..., a; < 7 such that
a? 7'7'”]

z
i0? ") Vip 'n

¢ = the unique v s.t Ply F ¢[v,a

We can do this since 456 is a scale and since the T converge to T7". Then we set
7(c) = the unique v s.t Moys100|7 F @lv, 7(aZ), ..., w(a3, ), 72°)

As usual the map 7 : Py — May,i1.0 is £ elementary and welldefined. Now, since by a
result of Woodin there exists suitable mice and by [15] we can apply the condensation lemma,
then v = 0(7,) as T}, is Copyo guided. So P; = P and o = id. The other alternative is that
P E 6(7,) is not Woodin because the truth of this statement is kept by all theories 77" then we
have that either R, = M(T,) or R, E §(7,) is not Woodin so that G(y, z, w) holds.

O

As in [15], one can show that the norms of the above scale are all in ./\/lfn +1.00- T'he norms
of the above scale ¢;; can be computed to be in for every i in 0" ™w(i + 1)-I1] where we
use only the first ¢ indiscernibles, since the theories in ¢ indiscernibles have same complexity
0¥ w(i + 1)-111, i.e. the types of the first ¢ indiscernibles are exactly 02" ™lw(i + 1)-I1}. We

state the next lemma without proof, a similar computation can be found in [15]:
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Lemma 3.5 For every i,k < w, the norms ¢ of the scale qz?mm are 0¥ w(i + 1)-I11.

Thus each ¢, is A}, ;(z). Let Ss,y2 be the tree from this scale. By the proof of the
uniqueness of the L[T5,,2] models we have that L[Ty,12] = L[S2,42]. We'll be done if can show
that LM .1 -] = L[Sana]-

First because Moy, 11,00 18 Z§n+3(/\/l#n+1), then we have that Mo, 11 00 € L[Sonta] = L[Ton+a],
since by Q-theory, M% .| € L[Tynia]. Letting i = ipg,,,, 00 | 02741 then i € L[Sy, ] because
the iteration embedding i is also 325, , (M3, ;). Thus we have Moy, 11007 € L[Sanio]. Hence
M1 oo € L[Sansa].

We next show that we have that L[Snio] € LM +1.00) Following an idea of Steel (as in

[18] or [16] for instance), we build the direct limit tree S. It will be the case that S € L[Miﬂ’oo]
and that Steel’s tree Sy,+2 (and also Ty, 12, whichever way we decide to define it) belongs to L[5]
by the uniqueness of the L[T5,,2] models. We then define S to be the tree on wxw xwx Map i1 00
of all attempts to build (z,7) € (R® x Ms, ., ) such that

1. x codes the complete theory with parameters of a structure P, for the language of premice
with universe w \ {0},

2. 7(0) is a successor cardinal Woodin cutpoint of P,, and,

3. [ (w)\ {0}) is an elementary embedding from P, into Ma, 41 00|7(0).

Notice that Sy, 1o € S. It then follows that Sy,.» € L[S] and since S € L[/\/lfnﬂm], we are

done.
O

We record the following which now follows from the generalization of the Kechris-Martin
theorem, the uniqueness of the L[T5,] models and the above characterization of the L[T5,] in
terms of HOD limits of directed systems of mice.

Theorem 21 (Inner model characterization of II}, ;) Assume ADF® et §Ment100 pe the
least Woodin cardinal of May, 1100 and let k be the least admissible above gMentieo - Then q set
ACR s 1L}, 5 if and only if

A(w) ¢ Le[M3, 41 0o 7] F (),

where p € Y.

4 L[T5,], CH and GCH: a proof of a conjecture of Woodin

In this section we give a positive solution to the following problem posed by Woodin:

Conjecture 1 (Woodin) L[Ty, o] satisfies the GCH for every n € w.
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In previous work, see [17] and [18], Steel has shown that assuming AD and I'-mouse capturing
holds, L[Tt] is an extender model and satisfies the GCH, where I' is a scaled inductive like
pointclass. However recall that in our case I' is now a non scaled pointclass (i.e. II3, in the
case of the projective hierarchy). We would like to thank Sargsyan and especially Woodin, for
introducing us to the above conjecture and for discussions on the problem.

We first recall some background of O-theory. Recall that (s, 3 is a subset of Cy, 13, where
Conys is the largest thin II, 4 set of reals. Also there is a A}, ;-good wellorder on Co,,y3 of
length N;.

To give some context and for the sake of completeness, we cite the following two theorems
of [10].

Theorem 22 (Martin, [10]) There is a real w such that if w € LTy, 11, x| then
RN HODMPrrvwl = Qg

The next theorem, due to Woodin, shows that relativizing to a real is the same as adjoining
a real to HOD.

Theorem 23 (Woodin, [10]) For every real w there is a real z such that if w,z € L[Top 11, x]
then R N HODF> %] = RN HODE! | | = Qonss

Ton+1,w

What will help in correctly identifying L[T5,, 2] from the point of view of inner model theory
is a characterization of the reals of L[T5,5]. We show the following theorem:

Theorem 24 (The reals of L[T5,+2])

Let Qaprs be the largest bounded 113, 5 set of reals and let yony3 be the least nontrivial I},
singleton and let yonis3(x) be the least nontrivial I}, 4(x) singleton. Let YVopiz = Qonys U
{Yon+3} U{yonis(z) : © € Qanis}. Therefore L{To, o] is yani1-closed and RN LTy, 1 0] = Vonis-

Proof.

L[Ty, 4] can compute left most branch of a A}, 4 scale on a A}, 4 set of reals and it
is a result of Harrington that the real from the left most branch of the tree from this scale,
provided the set A € A}, ., on which we put the scale, does not contain any A3, , real, is
A§n+3(/\/lfn+1) and vice-versa. So the least non trivial IT}, . singleton is in L[T5,40]. Next,
using the generalizations of the Kechris-Martin theorem to all pointclasses I1},,, 5, one can show
8 that Qonyz € L[Ty,u19], 50 L[Ty,.»] can also compute the left most real of the tree of a
A3, 5(x) scale on a A} 4(x) set of reals, for every @ € Qapi3. SO Yoni3(x) € L[Ton4o] for every

T € Qongs.
O

The above theorems of Martin and Woodin suggest strongly that
HODL[TQ"H’I} NV.a = M2n+17oo

Ton+1 Kant3

8This is shown in the author’s PhD thesis, see [1], section 3.4 for a generalization of the Kechris-Martin
theorem and section 3.5 for a proof that Qo453 C L[Ton12].
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and that
HODL[Tan,x} _ L[M2n+1,oo, EO],

Ton+1
where ¥ is a certain fragment of the full iteration strategy > on Moy, 1, see [18].

As mentioned above, recall that for o = 4¢3, then we have that L[T5,1] N Vs, Is an
iterate of a Ms, cut a the least strong cardinal to its least Woodin cardinal and the height of
that iterate is exactly 43,4, since d3,.; is the least strong to the bottom Woodin d in the
direct limit of all iterates of Ms,. We recall how this computation takes place. The set up
below is from [18].

Definition 4.1 A premouse P is I'-properly small iff P is countable, has a largest cardinal
which is a cutpoint of P and for every n < o(P),

1. Lp"(P) 4P,
2. Lp*(P|n) E n is not a Woodin cardinal,

3. If  is a strong cutpoint of P, then Lp"(P|n) = P|(n*)”.

If ¥ is the (w,w;,w;) strategy of P given by the above then we say that it is Lp' guided
and the non-dropping iterates of P via ¥ are I' properly small. ¥ is unique and has by the
Dodd-Jensen property. This allows defining the direct limit of all non-dropping Lp' guided
iterates of P. So let Z = {P : P is I-properly small and T'-correctly iterable}. For P,Q € Z,
we let

P < Q <> In s.t nis a strong cutpoint of Q, Q|n is a I'-correct iterate of P

It is then shown in [18] using a comparison argument that the system (Z, <) is a directed
system of mice, and thus by the Dodd-Jensen property, the direct limit of this system, M, is
well-defined, wellfounded and that M, = L[T7].

We now turn to the proof of the GCH in the models L[T5,]. We are grateful to Hugh Woodin
for guiding us to show the main theorem of this section. Following an idea of Hugh Woodin, we
first show that the GCH holds in L[T542] NV, . Then the GCH will hold in L[T5,2] using
a usual Godel condensation argument for relative constructibility, see for example [5] chapter
19. The goal is then to show that L[T5,.2] N V’f%nm is a direct limit of fully sound structures.
As in the theorem in the previous section, we will then show that L[Tb, 5] = L[M¥] for some
M which is a direct limit of fully sound structures and such that L[M#]N Vidoos = M. So we

will require that o(M) = k3, 5. We start with the following definition:

Definition 4.2 (M’an-closed mouse) Let M be a premouse. Then we say that M is a
M#nﬂ—closed premouse if for every A € M, we have ./\/lan(A) e M. Also, M is a Miﬂ—

closed mouse if it is a M is a ./\/lfnﬂ-closed premouse and has an (w,wy,wy)-iteration strateqy
2.
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Next we need to define the Woodin mice which will constitute our directed system below.

Definition 4.3 We say N is a n-Woodin mouse if the following conditions are satisfied:
1. N = LIN)# N Vs, where § = o(N),
2. LIN) E§ is a Woodin cardinal .
3. N has n Woodin cardinals.

We next define the iteration strategy of an n-Woodin mouse in the case n is odd.

Definition 4.4 (Iterability for n-Woodin mice) Let N be an n-Woodin mouse. We say N
is correctly iterable if whenever T is a countable stack of Copnio guided normal trees of successor
lengths on N with last model Q, then

1. Q is wellfounded and if the branch from N to Q of T does not drop, then Q is an
n-Woodin mouse and

2. IfU is a Coyyo guided normal tree on Q then

(a) U is a short tree and

(b) If U has a last model then it can be freely extended by one more ultrapower that is
every putative normal iteration tree T extending U and having length [h(U) 4+ 1 has
a wellfounded last model and moreover this last model is an n-Woodin mouse if the
leading branch does not drop, and

(¢) If U has limit length then U has a cofinal wellfounded branch b such that Q(b,U) =
QU) and MY is an n-Woodin mouse if the branch from N to Q to MY does not
drop.

By Steel, see [14], the above notion of iterability for n-Woodin mice is equivalent to II},
iterability, defined above. Let N be the least 2n + 1-Woodin mouse, that is if S <N then S
fails one of the conditions above. Let Y5 be the iteration strategy of A. Define

Z ={P:Pisa X-iterate of N'}
and for P, Q € Z, we let
P <* Q «» In(n is a Woodin cardinal cutpoint of Q and Q|n is a countable X-iterate of P)
Then notice that (Z, <*) is a partial order.

Lemma 4.5 (Z,<*) is countably directed.
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The proof of the above is as usual and we chose to omit it. The proof is given in [17].

Let now N be the direct limit of the system (Z,<*). Then since (Z,<*) is countably
directed, N, is wellfounded. N is the direct limit of all countable iterates of the least N
satisfying the above two conditions, and we can define this direct limit by the Dodd-Jensen
property of the ¥. Notice that N is itself a countable iterate of N via X,r. It then follows
by the proof in the above section that

L[Tonso] = LINZ],
since the iteration strategy Yo of Ny is I3, 5. Notice that

- L[T2n+2} ﬂ V 1

Kan43®

No = LINZIN Vs, = LINEI NV,
n+3
Therefore L[T5,0] N Vi, ., 1s a direct limit of all X iterates of N. Since N is fully sound
then L[Ty, 2] N Vi, F GCH. Then by a condensation argument as in the Godel condensa-
tion lemma, L[T5,12] F GCH. See [5] for the condensation lemma in the context of relative
constructibility.
We drop down to the case of /\/lf& for the moment. It then remains to show that N is
M#—closed and we finish by showing the following lemma. So N is the least active mouse

closed under Mf& which projects to w. It is sometimes referred to in the literature as Mf#.

Lemma 4.6 N, is M¥-closed. Therefore Ny, does not project at or below 8o, Nao is fully
sound and

po(No) > 0o(Ng) = boc.

Proof.

Suppose not and let A € N, such that M7 (A) ¢ N. Let P € T be a countable iterate
of N such that 7p : P — N is the iteration embedding. Let m : L(P) — L(NL) be
elementary such that 7|P = 7p o, and such that 6., N, P and A € ran(r). Let A € P such
that m(A) = A. Notice that M7 (A) has same size as A. It then follows it is a bounded subset
of 67. Since the M7 operator condenses well then we have that M¥ (771(A4)) = 7~ (M (A)).
So M¥(771(A)) ¢ P. But then L(P) ¥ 6" is Woodin . Contradiction.

0

The above can be generalized in the obvious way to all M, +1- It then follows that L[T5,] F
GCH. From the above it should now be possible to adapt the standard proofs that [, for
k > N; a cardinal to show that if V' = L[T5,] then for any cardinal x > Ny, [0, holds. Using
purely inner model theoretic tools and Q-theory for inductive pointclasses, it should be possible
to push the analysis to pointclasses higher than those of the projective hierarchy. Or it may as
well be possible that the very fine analysis of L(R) of Jackson is necessary to carry this analysis
further.
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